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$k$ 0 . $\mathrm{G}_{k}$ $k$ . $E$ $k$
, $N\geq 1$ , $p$ . $E$ N $E[N]$
$\mathrm{G}_{k}$ $E$ $p$ Tate $T_{p}E$ $\mathrm{G}_{k}$
$\ovalbox{\tt\small REJECT}_{E_{:}N}$ : $\mathrm{G}_{k}arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[N])\cong \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/N\mathbb{Z})$ ,
$\rho_{E,p}$ : $\mathrm{G}_{k}arrow \mathrm{A}\mathrm{u}\mathrm{t}(T_{p}E)\cong \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$
.
$1+p^{0}\mathbb{Z}_{p}:=\mathbb{Z}_{p}^{\mathrm{x}},$ $1+p^{0}\mathrm{M}_{2}(\mathbb{Z}_{p}):=\mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$ .
1J([SelJ) $K$ , $E$ $K$
$p$ . ,
$\rho_{Ep}$ : $\mathrm{G}_{K}arrow \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$






, , $n$ $E$
. , .
12 $K$ , $p$ . , $K,p$









21 $([Se\mathit{2}])K$ , $E$ $K$
. ,
$\prod\rho_{E,p}$ : $\mathrm{G}_{K}arrow\prod \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$
p p:
.
22 ([Mazl]) $E$ $\mathbb{Q}$ , $E(\mathbb{Q})_{\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}}$
.
$\mathbb{Z}/N\mathbb{Z}(1\leq N\leq 10, N=12)$ , $\mathbb{Z}/2N\mathbb{Z}\mathrm{x}\mathbb{Z}/2\mathbb{Z}(1\leq N\leq 4)$ .
23 $E$ $\mathbb{Q}$ $\mathrm{R}\mathrm{f}\mathrm{f}\mathrm{i}’\ovalbox{\tt\small REJECT}$, $p\text{ }\prime\ovalbox{\tt\small REJECT}_{\backslash }\text{ }$ . $\overline{\rho}_{E,p}(\mathrm{G}_{\mathbb{Q}})$ $\{(\begin{array}{l}1*0*\end{array})\}$
, $p\leq 7$ .
2.4 ([Me]) $d>1$ , $K$ $[K:\mathbb{Q}]=d$ ,
$E$ $K$ , $p$ . $\overline{\rho}_{E,p}(\mathrm{G}_{K})$ $\{(\begin{array}{l}1*0*\end{array})\}$
, $p<d^{3d^{2}}$ .
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25 $([PaJ)$ $d\geq 1$ $\text{ }$ . $K$ $[K : \mathbb{Q}]=d$
, $E$ $K$ , $p$ , $n\geq 1$ .
$\overline{\rho}_{E,p^{n}}(\mathrm{G}_{K})$ $\{(\begin{array}{l}1*0*\end{array})\}$
$p^{n}\leq\{$
65(3 –1) $(2d)^{6}$ if $p\geq 5$ ,
65(5 –1) $(2d)^{6}$ if $p=3$ ,
129(3 –1) $(3d)^{6}$ if $p=2$
.
26 $([Maz\mathit{3}])E$ $\mathbb{Q}$ , $p$ . $\overline{\rho}_{E,p}(\mathrm{G}_{\mathbb{Q}})$
$\{$ ( $**$) $\}$ , $p\leq 19$ $p=37,43,67,163$
.
27 $([Mo\mathit{2}])K$ 2 , 1 2 .
$C=C(K)\geq 1$




28([MolJ) $E$ $\mathbb{Q}$ , $p=11$ $\geq 1$
$\# J_{0}^{-}(p)(\mathbb{Q})<\infty$ . $\overline{\rho}_{E,p}(\mathrm{G}_{\mathbb{Q}})$ $\{$
7 ,
$(\begin{array}{l}*00*\end{array})$ , ( $0*$) $\}$
, $p\neq 37$ , $E$ .
29(fManf) $K$ , $p$ . , $n=$
$n(K,p)\geq 1\mathrm{B}$
$\overline{\rho}_{E,p^{n}}(\mathrm{G}_{K})$ $\{$
\searrow ‘‘ , . $K$ $E$ ,








31 $p$ . $n(p)$ .
$n(p)=\{$
0if$p$. $\geq 23$ ,
1if$p=19,17,13_{f}11$ ,
2if$p=7$,
3 if $p=5$ ,
5 if $p=3$ ,
11 if $p=2$ .
$K$ . $p$ $K$ $\Sigma$
, $K$ $E$ $j(E)\not\in\Sigma$ ,
$\rho_{E,p}(\mathrm{G}_{K})\supseteq(1+p^{n(p)}\mathrm{M}_{2}(\mathbb{Z}_{p}))^{\det=1}$
. ? $1+p^{0}\mathrm{M}_{2}(\mathbb{Z}_{p})=\mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$ .
$f$
$\mathrm{G}_{K}$ p $1+p^{T}\mathbb{Z}_{p}(r\geq 0)$ ,
$K$ $E$ $j(E)\not\in\Sigma$ ,
$\rho_{E,p}(\mathrm{G}_{K})\supseteq 1+p^{r[perp] n(p)}\mathrm{M}_{2}(\mathbb{Z}_{\mathrm{p}})$
. $p=2$ $r\geq 2$ . , 1+
$p^{0}\mathbb{Z}_{p}=\mathbb{Z}_{p}^{\cross}$ .
32 $K$ $K$ , jj $j$
$K$ . $p$ .




3.1 32 12 .
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3.3 $K=\mathbb{Q}_{7}p\geq 17$ , jj
$\rho_{E,p}(\mathrm{G}_{\mathbb{Q}})=\mathrm{G}\mathrm{L}_{2}(\mathbb{Z}_{p})$
($[Faf,$ $[Maz\mathit{1}]_{f}$ [Maz4).
34 $K=\mathbb{Q}$ . $p=13$ $X_{0}(13)=\mathrm{P}^{1},$ $\#\mathrm{P}^{1}(\mathbb{Q})=\infty$
$n(13)=1$ . $p=11$ $\# X_{\mathrm{n}\mathrm{o}\mathrm{n}-\mathrm{s}\mathrm{p}1\mathrm{i}\mathrm{t}}(11)(\mathbb{Q})=$






$N\geq 1$ . $Y(N)$ $E$ N
$\alpha$ : $(\mathbb{Z}/N\mathbb{Z})^{2}arrow\cong E[N]$
$(E, \alpha)$ . ( $N\geq 3$ $Y(N)$
). $Y(N)$ $\mathbb{Q}(\zeta_{N})$ , . $G=$
$\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/N\mathbb{Z})$ $H$ , $Y_{H}$ $Y(N)/H$ . $X_{H}$ $Y_{H}$
. $X_{H}$ $\mathbb{Q}(\zeta_{N})$
.
4.1 $k$ 0 . $\# X_{H}(k)<\infty$ ,
$\Sigma\subseteq k$ . $k$ $E$
$\overline{\rho}_{E,N}(\mathrm{G}_{K})$ $H$ $(E)\in\Sigma$ .
, Mordell , 2
, 3.1
.
42 $([FaJ)K$ , $X$ $K$ .
$g(X)\geq 2$ . $\# X(K)<\infty$ .
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$H\ni-1$ , $X_{H}$ $g(X_{H})$ Riemann-Hurwitz
.
$g(X_{H})=1+ \frac{1}{12}\# G/H-\frac{1}{4}\#\mathrm{F}\mathrm{i}\mathrm{x}_{\sigma}-\frac{1}{3}\#\mathrm{F}\mathrm{i}\mathrm{x}_{\tau}-\frac{1}{2}\#\langle u\rangle\backslash G/H$ .
$\sigma:=(\begin{array}{ll}0 1-1 0\end{array})$ ,
$\tau:=(\begin{array}{ll}1 1-1 0\end{array})$ ,




, $p\geq 5$ .
5.1 $H\subseteq \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}_{p})$ , $n\geq 0$ . , $H\supseteq$
$(1+p^{n}\mathrm{M}_{2}(\mathbb{Z}_{p}))^{\det=1}$ , $H\mathrm{m}\mathrm{o}\mathrm{d} p^{n+1}\supseteq(1+$
$p^{n}\mathrm{M}_{2}(\mathbb{Z}/p^{n+1}\mathbb{Z}))^{\det=1}$ . , $1+p^{0}\mathrm{M}_{2}(\mathbb{Z}/p\mathbb{Z}):=$
$\mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/\wedge p\mathbb{Z})$ .
$K$ $K(\zeta_{p^{n(p\rangle+1}})$ , $K$ $E$
$\det\overline{\rho}_{E,p^{n(\rho)+1}}(\mathrm{G}_{K})=\{1\}$
. 3.1 , $H\subseteq G=\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{n(p)+1}\mathbb{Z})$
$H$ D-l,
$H\not\geqq(1+p^{n(p)}\mathrm{M}_{2}(\mathbb{Z}/p^{n(p)+1}\mathbb{Z}))^{\det=1}$ (5.1)
$g(X_{H})\geq 2$ . $g(X_{H})$
.
$g(X_{H})=1+ \frac{1}{12}[G : H]\overline{\delta}_{F_{\mathrm{I}}}$ ,
$28\mathrm{t}$
$\delta_{H}:=1-3\frac{\# H\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\sigma)}{\#\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\sigma)}-4\frac{\# H\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\tau)}{\#\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\tau)}$
$-6( \frac{1}{p^{n(p)+1}}+\sum_{r=0}^{n(p)}\frac{p-1}{p^{\tau+1}}\cdot\frac{\# H\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(u^{p^{r}})}{\#\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(u^{p^{r}})})$ ,
Conj $(\alpha):=$ {$g\in G|g$ $\alpha$ }
. $g(X_{H})$ , $g(X_{H})\geq 2$
$\delta_{H}>0$ . $\# H\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\sigma),$ $\# H\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\tau),$ $\# H\cap$
Conj $(u^{p^{r}})$ (5.1)
$H\not\geq(1+p^{n\langle p)}\mathrm{M}_{2}(\mathbb{Z}/p^{n(p)+1}\mathbb{Z}))^{\det=1}$
. $1\leq t<s\leq n(p)+1$ , $\mathrm{m}\mathrm{o}\mathrm{d} p^{t}$




$f_{n,m}$ : $\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{n}\mathbb{Z})arrow \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{m}\mathbb{Z})$
$\mathrm{m}\mathrm{o}\mathrm{d} p^{m}$ . $\alpha=\sigma,$ $\tau$ ,
$V_{\alpha}^{n,m}:=\alpha^{-1}(f_{n,m}^{-1}(\alpha)\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\alpha))\subseteq \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{n}\mathbb{Z})$
.
52 $n\leq 2m$ . ,
$V_{\sigma}^{n,m}=\{1+p^{m}(\begin{array}{ll}a bb -a\end{array})\}$ ,
$V_{\tau}^{n,m}=\{1+p^{m}(\begin{array}{ll}a bb-a -a\end{array})\}$ ,
, 2 $\mathbb{Z}/p^{n-m}\mathbb{Z}$ .
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$\sigma,$ $\tau$
$\alpha\in \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{m}\mathbb{Z})$ $V_{\alpha}^{n,m}$ ,
2 $\mathbb{Z}/p^{n-m}\mathbb{Z}$ .
$r\geq 0$ .
$V_{u^{p^{r}}}^{r+n,r+m}:=u^{-p^{r}}$ (f;ln,r+ u2’)\cap Conj $(u^{p^{f}}))\subseteq \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{r+n}\mathbb{Z})$
2
53 $n\leq 2m$ . ,
$V_{u^{p^{\Gamma}}}^{r+n,r+m}=\{1+p^{r+m}(\begin{array}{ll}a b0 -a\end{array})\}$
, 2 $\mathbb{Z}/p^{n-m}.\mathbb{Z}$ .
u $\alpha\in \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{r+m}\mathbb{Z})$ $V_{\alpha}^{r+n,r+m}$
, 2 $\mathbb{Z}/p^{n-m}\mathbb{Z}$ .
$1\leq s\leq n(p)+1$ ,
$H_{s}:=H\cap(1+p^{s}\mathrm{M}_{2}(\mathbb{Z}/p^{n(p_{/}^{\mathrm{t}}+1}\mathbb{Z}))=\mathrm{K}\mathrm{e}\mathrm{r}(\mathrm{m}\mathrm{o}\mathrm{d} p^{s} : Harrow \mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{s}\mathbb{Z}))$
. $H/H_{s}$ $H\mathrm{m}\mathrm{o}\mathrm{d} p^{s}$ . $1\leq t<s\leq n(p)+1$
$\alpha=\sigma,$ $\tau,$
$u^{p^{f}}$ ,
$f_{s,t}^{H,\alpha}$ : $(H/H_{s})\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\alpha)arrow(H/H_{t})\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\alpha)$




54 $1\leq t<s\leq n(p)+1$ , $s\leq 2t$ . $\alpha$
$\sigma,$ $\tau,$
$u^{p^{r}}$ , $(H/H_{t})\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\alpha)$ $\alpha’$ . $H_{t}/H_{s}=$
$\ovalbox{\tt\small REJECT}$ , $\#(f_{s,t}^{H}$”$)^{-1}(\alpha’)=p^{2(s-t)}$ . $H_{t}/H_{s}\neq V_{\alpha}^{s,t}$, ,
$\#(f_{s,t}^{H,\alpha})^{-1}(\alpha’)\leq p^{2(s-t)-1}$ .
55 $1\leq t<s$ , $s\leq 2t$ ,
1. $\sigma’,$ $\sigma’’\in \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}$ $(\sigma)\underline{\subseteq}\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{t}\mathbb{Z})$ . , $V_{\sigma}^{s,t},=V_{\sigma}^{s},j^{t}$
, $\sigma^{\prime/}\equiv\sigma^{;\pm 1}\mathrm{m}\mathrm{o}\mathrm{d} p^{s-t}$ .
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2. $\tau’,$ $\tau’’\in \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}$ $(\tau)\underline{\subseteq}\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{t}\mathbb{Z})$ . , $V_{\tau’}^{s,t}=V_{\tau}^{s},j^{t}$
, $\tau’’\equiv\tau^{\pm 1}\mathrm{m}\mathrm{o}\mathrm{d}\prime p^{s-t}$ .
3. $v,$ $v’\in \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}$ $(u^{p^{r}})\underline{\subseteq}\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}/p^{r+t}\mathbb{Z})$ . , $V_{v}^{s,t}=V_{v}^{s,t}$,
, $p$ $i$ $\equiv v^{i^{2}}$ mod
$p^{r+s-t}$ .
54, 55 , $f_{s,t}^{H,\alpha}$ $(H/H_{t})\cap \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(\alpha)$ $(H/H_{s})\cap$
Conj $(\alpha)$ .
$\mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/p\mathbb{Z})$ ([Se2]) , $H/H_{1}$
$\sigma,$ $\tau,$ $u$ 4
$\delta_{H}>0$ , 3.1 .
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